The lattice Hamiltonian is diagonalized, including the next nearest hopping, Rashba spin-orbit coupling, and sublattice disorder terms, in order to exploit the low-energy electronic structure of a zigzag strip of graphene and present its behavior near the band-crossing points. The modes localized at strip edges reveal a peculiar electronic density of states near the Fermi level. In the absence of spin-orbit interactions, the edge states never cross the bulk band gap for finite values of the staggered sublattice potential, irrespective of its magnitude, and open an edge-state gap showing normal semiconductor behavior. We also discuss the temperature behavior of the electronic specific heat of the graphene strip.
I. INTRODUCTION
Graphene reveals several intriguing properties, such as the Dirac fermion nature of low-energy states characterized by a linear dispersion [1, 2] , E( k) = ± v F | k| with v F ∼ 10 6 m/s, and a strong energy-dependent density of states (DOS) near the Fermi energy at low carrier densities. The electronic structure of the graphene system depends sensitively on its geometry and extended defects such as edges. The zigzag strip geometry of graphene reveals additional features in the bulk band structure [3] , and its potential application is highly expected in carbon-based nanodevices [4, 5] . As the width of the strip is reduced to a nanometer scale, the role of the edge atoms becomes crucial.
In this paper, we study the low-energy electronic energy structure of a graphene strip near band-crossing points and exploit the finite width effect in the lowtemperature heat capacity, C el (T ). We show explicitly that the low-energy electronic structure depends strongly on the strip width and the relative strength of various spin-charge coupling mechanisms and that the overall behavior of C el (T ) in a graphene strip is similar to that of a two-level system. We find that the specific heat shows a power-law behavior in the metallic region at extremely low temperatures.
II. LATTICE STRUCTURE AND MODEL HAMILTONIAN
The Bravais lattice of graphene is a hexagonal lattice * E-mail: ksyi@pusan.ac.kr with a basis of two atoms, one located at (0, 0) and the other at a(0, 1/ √ 3), where a ( 0.246 nm) is the graphene lattice constant, the distance between the atoms in a given sublattice. We consider the primitive translation vectors a 1 = a(1, 0) and
Let us call the sites obtained from (0, 0) through lattice translations {n 1 a 1 + n 2 a 2 } as 'A' sites and those from a(0, 1/ √ 3) as 'B' sites. The displacements from an A site to its three nearest neighbors (NNs) (B sites) are given by
, and
The displacements from a B site to its three NN A sites are obtained from the d i 's by reflection with respect to the x-axis:
We consider a model Hamiltonian written by [6] [7] [8] 
where c † iα , s, and d ij are, respectively, the creation operator of an electron with spin α at lattice site i, the Pauli matrix, and the NN lattice vector pointing from site j to site i. In Eq. (1), the first and the second terms are the NN hopping of matrix element t 1 and the spin-dependent NNN term of matrix element t 2 , respectively. The third and the fourth terms are, respectively, the NN Rashba spin-orbit (RSO) term of strength V R in the absence of z → −z mirror symmetry and the random disorder potential or staggered sublattice potential in the case of broken two-fold rotational symmetry in graphene. The RSO term induces a violation of s z conservation. The w i is a site dependent potential and describes the effects of disorder, such as defects or lattice imperfections on the electronic structure of the graphene. In graphene, while t 1 describes the inter-sublattice hopping of electrons, t 2 describes the intra-sublattice hoppings, which is related to the intrinsic spin-orbit (ISO) coupling [8] . When t 2 = 0, V R = 0, and w i = 0, the system described by Eq. (1) is particle-hole symmetric.
Allowing only the NN hopping term reduces the Hamiltonian to a Dirac Hamiltonian [6] with energy dispersion E(q) ≈ ± v F |q| near the six vertices of the first Brillouin zone [1] . Here, q is measured from each vertex point. The Fermi level of undoped graphene is located at six isolated Fermi 'points' K = 4π 3a (1, 0),
The conduction and the valence bands touch at critical points K and K ; hence, graphene becomes a zerogap semiconductor. The appearance of a degenerate zero-energy gap at the vertex points is a direct consequence of the symmetry of the graphene lattice structure. The three valley points, indicated by K (K ), are equivalent and are connected by linear combinations of the reciprocal lattice vectors
, but the sets of points K and K are distinct and independent of each other. The Fermi velocity of the massless Dirac particle, v F , is related to the NN hopping parameter, 
where k and L = N x a are, respectively, the wavenumber and the length of the strip consisting of N x unit cells on the x axis (along the strip). Under the transforms given by Eq. (2), Eq. (1) can be written in momentum space. The NN hopping term is written as
Here, by imposing periodic boundary conditions in the x-direction along the strip, we have used the identity
Similarly, the NNN hopping term is written, remembering that ν ij = ±1 for A sites need be replaced by ν ij = ∓1 for B sites, as
The Rashba SO term is written as
The staggered sublattice potential term simply becomes
where n
. By diagonalizing Eqs. (3)- (5), one can obtain the energy band structure of a graphene strip.
III. ELECTRONIC STRUCTURE
We focus our attention on the states near half filling at low temperatures. The DOS in a unit area be-
where the integral is taken along the contour S E of constant energy E. The profile of the DOS depends strongly on the relative magnitudes of various coupling parameters in Eq. (1). As an example, the one-dimensional energy dispersion and its DOS are displayed in Figures 1(a) and (b) , respectively, for a strip of band width N y = 50 along the direction of the zigzag edges when the ISO and the RSO couplings are suppressed in the absence of a sublattice disorder potential (w i = 0). All the energies are measured in units of the nearest neighbor hopping strength t 1 . For 2D graphene, conic valley minima occur in pairs at the critical points K and K in the first Brillouin zone, having linear energy dispersion (in the absence of any spin-orbit couplings). In a strip geometry, in addition to the extended states across the strip, states localized near the strip edges occur. For the case of w i = 0 and vanishing ISO and RSO terms, the valley minima of the conduction and valence bands occur at K and K , and additional gapless (flat) edge states connect the two valley minima at K and K , as shown in Figure 1(a) . The additional flat bands are characterized as the localizations of electrons near the edges and a peak structured DOS at the Fermi level. The sharp peak structure in Figure 1(b) at zero energy reflects the flat edge state band in Figure 1(a) . The flat edge states enhance the DOS at the Fermi energy greatly in the strip of zigzag edges [9] . However, for finite values of the staggered disorder potential w A = w B , the fourfold degenerate edge band pinned at the Fermi energy is split into a pair of twofold bands, as shown in Figure 2(a) . The sublattice disorder for vanishing ISO and RSO terms induces a gap of size w A − w B between the twofold degenerate edge state bands. The edge state bands approach the zero-energy line as w i is reduced and eventually cross the bulk band gap for small values of the staggered sublattice potential, giving rise to metallic phase in the strip. Figure 2 shows the low-energy electronic energy bands along the zigzag edges of graphene for the cases (a) t 2 = 0.01 and w i = 0.01t 1 , and V R = 0 and (b) t 2 = 0.01, R = 0.05, w i = 0, and N y = 50. The ISO term opens a finite gap at K and K , and the twofold degenerate bands are split. The size of the band splitting depends sensitively on the magnitudes of t 2 and w i and is pronounced for low-lying states in the region K ≤ k ≤ K, as is seen in the inset of Figure 2(a) . For nominal values of t 2 and w i , the edge states continue to cross the bulk band gap, passing the zero energy line. For small values of t 2 , a pair of nearly flat bands exists over the region π/3 ≤ ka ≤ 4π/3. For w i = 0.01t 1 , the twofold degeneracy of the localized bands is removed. This is not so sensitive to t 2 , but depends strongly on w i , as shown in Figure 2(a) . As the strength of ISO coupling increases, the dispersion of the edge states flattens and, at vanishing ISO coupling, enormous DOS is observed at zero energy. cant effect of the Rashba SO coupling is the removal of the remaining spin degeneracy. For small values of V R and w i , edge states approach and cross the zero energy line. If we break the sublattice symmetry substantially, for example, by employing w i = ±0.5t 1 , the edge states stop crossing the zero energy line, leaving an energy gap at k = π/a, the boundary point of the first Brillouin zone. However, the insulating phase is hardly expected to occur, in the absence of the nearest neighbor RSO term, with the intrinsic spin-orbit parameter t 2 0.2t 1 proposed recently [10] .
IV. ELECTRONIC SPECIFIC HEAT OF GRAPHENE
The internal energy due to electrons in the graphene strip is written as U el = εmax ε min εg(ε)f (ε, T ), where f (ε, T ) is the Fermi-Dirac distribution and ε min (ε max ) is the minimum (maximum) energy available in the band of the graphene strip. The specific heat is given by C el (T ) = ∂U ∂T n . The electronic contribution to the specific heat, C el (T ), in a graphene strip is shown in Figure  3 as a function of k B T for the case t 2 = 0.00, V R = 0.00, and w A = −w B = 0.00; N y = 50. The insets show the low-temperature behavior of the specific heat. C el (T ) shows a maximum value of ∼ 1.33R when k B T /t 1 ≈ 1.0. The overall behavior of C el (T ) in graphene is similar to that of a two-level system [11] . We also observe that the low-energy electronic structure depends strongly on the strip size and on the relative strength of various spincharge coupling mechanisms and that the overall behavior of C el (T ) in a graphene strip is similar to that of a two-level system. We find that the specific heat shows a power-law behavior C el (T ) ∼ T α , with α ≈ 2.0 ∼ 3.5 in the metallic region at extremely low temperatures.
V. SUMMARY
We investigate the low-energy electronic structure of a single layer of graphene and examine its behavior near the band-crossing points. As the strength of the intrinsic spin-orbit coupling is reduced, the dispersion of the edge states flattens, and at vanishing intrinsic spin-orbit coupling an enormous DOS is observed. We find that the localized edge states near the Fermi level broaden abruptly in the absence of particle-hole symmetry due to intra-sublattice hoppings of the electrons. We also find that the bands due to the localized edge states always approach and cross the bulk band gap for a weak, staggered sublattice potential and close the bulk gap showing a metallic behavior. The specific heat shows a power-law behavior in the metallic region at extremely low temperatures. The features observed in the DOS are valuable tools in spectroscopic observations, such as scanning tunneling spectroscopy measurements [9] . The features found in the graphene specific heat should easily be checked in experiments.
